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Abstract. In this paper we present the classification of non-symplectic au- 
tomorphisms of prime order on K3 surfaces, i.e. we describe the topological 
structure of their fixed locus and determine their invariant lattice in cohomol- 
ogy. We provide new results for automorphisms of order 5 and 7 and alternative 
proofs for higher orders. Moreover, for any prime p, we identify the irreducible 
components of the moduli space of K3 surfaces with a non-symplectic auto- 
morphism of order p. 



0. Introduction 

A K3 surface is a compact surface X over C with trivial canonical bundle and 
dim_ff^(X, Ox) = 0. In the following, we will denote by Sx, Tx and ujx the Picard 
lattice, the transcendental lattice and a nowhere vanishing holomorphic 2-form on 
X, respectively. 

An automorphism u of a KS surface X is called symplectic if it acts trivially on 
CuJx- This paper deals with K5 surfaces carrying a non-symplectic automorphism 
of prime order p. In this case it is known that a acts without non zero fixed vectors 
on the transcendental lattice, so that Tx acquires the structure of a module over 
Z[Cp], where Cp = e^^/P. Since Tx is contained in the rank 22 lattice H'^{X,Z), 
this implies that p is at most 19. 

Non-symplectic automorphisms have been studied by several authors, e.g. in 
[SlIinillTlllinilllllllMllIl]- It is known that for p = 13, 17, 19 there are only 
isolated pairs (Ap, tTp), where dp is a non-symplectic automorphism of order p acting 
on the K3 surface Xp. This was first announced (without proof) by Vorontsov in 
[32 1 and then it was proved by Kondo in |llj and Oguiso-Zhang in [23 . 

In this paper we give the classification for p = 5,7, we survey the known results 
for p — 2,3 and we provide different proofs and examples for p = 11,13,17,19. 
The key idea is to characterize the fixed locus of the automorphism in terms of the 
properties of its invariant lattice in H^{X, Z). The main result is the following. 

Theorem 0.1. Let S be a hyperbolic p-elementary lattice (p prime) of rank r with 
det(>5') ~ p°' . Then S is isometric to the invariant lattice of a non-symplectic 
automorphism a of order p on a A3 surface if and only if 

(*) 22-r-(p-l)ae2(p-l)Z>o. 
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Moreover, if a is such automorphism, then its fixed locus X'^ is the disjoint union 
of smooth curves and isolated points and has the following form: 

["0 \iS'^U{2)®Ef,{2), 
X"=\ei\JE2 \iS^U®Eii{2), 
[C U i?i U • • • U U {pi, . . . ,Pn} otherwise, 

where Ei is a smooth elliptic curve, Ri is a smooth rational curve, pi is an isolated 
fixed point and C is a smooth curve of genus 

_ 22 - r - {p - l)a 
2^) ■ 

Moreover: 
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with the convention that X'^ contains no fixed curves if k = — 1 . 



As a consequence of this result, we determine the maximal components of the 
moduli space of surfaces with a non-symplectic automorphism of order p for 
any prime p. Moreover, we show that for p > 2 the topological structure of the 
fixed locus of a determines uniquely the action of a on {X, Z) (see Remark [2.10p . 



The plan of the paper is the following. Section 1 introduces some background 
material on lattices. In Section 2 we prove the main properties of the invariant 
lattice S{a) and of the fixed locus of a non-symplectic automorphism a of prime 
order. Theorem 12.41 gives the number of isolated fixed points and the local action 
at them, as a function of the rank of S{(j). Moreover, by means of Smith exact 
sequences, we determine the maximal genus g oi a, fixed curve as a function of the 
lattice invariants of S{a), see Corollarv l2.9l These results show that the topology of 
the fixed locus of the automorphism is uniquely determined by the isometry class 
of its invariant lattice and allow to give a complete classification. The following 
sections give more explicit results for each prime order p. 

Sections 3 and 4 briefly review the known results for p = 2 and 3 respectively. 
All possible configurations of the fixed locus related to the invariants of S{a) are 
represented in Figures [T] and [2] 

In section 5 we classify non-symplectic automorphisms of order 5. The classifi- 
cation theorem is resumed in Table [21 The topological structure of the fixed locus 
gives a natural stratification in 7 families. Two of them, of dimensions 3 and 4, 
are the maximal irreducible components of the moduli space (as we will show in 
section 10). We provide projective models for the generic member of each family. 

In section 6 we give a similar classification and description for p = 7, see Table 
|3l In this case there are two maximal components of dimension 2. 
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In sections 7 and 8 we provide an alternative view of the classification for p = 
11, 13, 17, 19. In case p = 11 it is known that the moduli space has two maximal 
1-dimensional components, while the pair (X, a) is unique for p > 11. 

In section 9 we deal with moduli spaces. First, we recall the structure of the 
moduli space of pairs {X, a) where X is a K3 surface and cr is a non-symplectic 
automorphism of order p with a given representation in Z). This moduli 

space is known to be isomorphic to a quotient of an open dense subset of either 
an Hermitian symmetric domain of type IV (for p = 2) or of a complex ball 
(for p > 2) for the action of a discrete group. For any prime p we identify the 
irreducible components of the moduli space of K3 surfaces with a non-symplectic 
automorphism of order p, see Theorem 19.51 

In the appendix S. Kondo shows that the moduli space of pairs (X, cr), where 
a is non-symplectic of order 7 having only isolated fixed points, is a ball quotient 
isomorphic to the Naruki K3 surface. A similar example for p — 5 was given by 
the same author in [12 . 

Acknowledgements. We would like to thank Igor Dolgachev, Alice Garbagnati 
and the referee for several helpful comments. 

1. Lattices 

A lattice is a finitely generated free abelian group equipped with a non-degenerate 
symmetric bilinear form with integer values. If the signature of the lattice is (1, r—1) 
then it is called hyperbolic. We will work with even lattices i.e. such that the 
quadratic form on it takes values in 2Z. 

The quadratic form on L determines a canonical embedding L <Z L* — Honi(L, Z). 
We denote by Al the factor group L* /L, which is a finite abelian group. If this 
group is trivial, then L is called unimodular. 

Let p he a prime number. A lattice L is called p-elementary if Al — Zp. If L 
is a p-elementary lattice primitively embedded in a unimodular lattice M and 
is its orthogonal complement in Af, then it is known that is also p-elementary 
andp'' = |det(L)| = |det(L^)|. 

The following result classifies even, indefinite, p-elementary lattices (see [27]). 

Theorem 1.1. An even, indefinite, p-elementary lattice of rank r for p ^ 2 and 
r > 2 is uniquely determined by the integer a. 

For p 7^ 2 a hyperbolic p-elementary lattice with invariants a, r exists if and only 
if the following conditions are satisfied: a < r, r = (mod 2) and 

fora = (mod 2), r = 2 (mod 4) 
fora=l (mod 2), p = (-l)'^/^-! (mod 4). 

Moreover r > a > 0, if r ^ 2 (mod 8). 

An even, indefinite, 2-elementary lattice is determined by r, a and a third invari- 
ant S e {0,1}, see [20J. 

Notation. We will denote by U the unique even unimodular hyperbolic lattice of 
rank two and by Am, Dn, Ei the even, negative definite lattices associated with the 
Dynkin diagrams of the corresponding types (to > 1, n > A, I = 6,7, 8). Moreover, 
L{a) and will denote the lattices whose bilinear form is respectively the one on 
L multiplied by a and the orthogonal sum of b copies of the one on L. 
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Examples. 

— The lattices U and Eg arc unimoclular. Any even unimodular lattice of signature 
(3, 19) is isometric to Lk3 = U®^ © Ef^ ([13 [SH])- 

— If p is prime, then the lattice Ap-i is p-elementary with a = 1. 

— The lattice E^ is 2-elementary with a — I. 

— If p = 3 ( mod 4) , then the lattice 

■ -b+l)/2 1 
1 -2 



K„ 



is negative definite, p-elementary, with a — 1. Note that K3 = A2. 
— If p = 1 ( mod 4) then the lattice 

(p-l)/2 
1 



Hp — 



1 



is hyperbolic, p-elementary, with a 
— The lattice 
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is negative definite, 5-elementary with a = 3. 
The lattice 

/ -2 1 1 \ 
1-200 
0-21 

\ 1 1 -4 / 
is negative definite, 17-elementary with a = 1. 



2. NON-SYMPLECTIC AUTOMORPHISMS ON i^3'S 

Let X be a K3 surface i.e. a simply connected smooth compact complex sur- 
face with a nowhere vanishing holomorphic 2-form ujx- The cohomology group 
H^{X,'E), equipped with the cup product, is known to be an unimodular lattice 
isometric to Lks- The Picard lattice Sx and the transcendental lattice Tx are the 
following primitive sublattices of {X, Z) : 

Sx^{xeH^iX,Z):{x,ujx) = 0}, Tx ^ Sj,. 

An automorphism cr of A" is called non-symplectic if its action on the vector space 
H^'°(A) = Cljx is not trivial. Observe that, by [18] Theorem 3.1], K3 surfaces 
with a non-symplectic automorphism of finite order are always algebraic. In this 
paper we are interested in non-symplectic automorphisms of prime order i.e. 

aP = id and a* (uJx) ^ Cp^x , < k < p, 

where Cp is a primitive p-th root of unity. 

The automorphism a induces an isometry a* on iJ^(A, Z) which preserves both 
Sx and Tx- We will consider the invariant lattice and its orthogonal in _ff^(A, Z): 

S{<t) = {x e H^{X,Z) : a*{x) = x}, T{a) = S{a)^ . 

Theorem 2.1. Let X be a K3 surface and a be a non-symplectic automorphism 
of X of prime order p. Then 
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a) S{a) C Sx and Tx C T{a); 

h) T{a) and Tx are free modules over ZKp] via the action of a* ; 

c) S{(t) and T{(t) are p-elementary lattices and ^5(0-) — ^T(o-) — with 

rank(T(cr)) 

Proof. The statements a),b) and the first claim in c) are proved in [l8l Section 3] 
or [Mj Lemma 1.1]. For the inequahty in c), we will generalize the proof of [Ml 
Claim 3.4] as follows. By point b) we have that T{a) = Z[(p]"^ as a Z[Cp]-module. 
Let ei, . . . , Cm. be a basis of T{a) over Z[Cp] and let 

{bij : i^l,...,m, j = 0,...,p-2} 

be the corresponding Z basis of T{a). Since T{a) is p-elementary, then any y e 
T{a)* is of the form 

y = -^yi3bij, vzj&Z- 

Moreover, since a* = id on S{a), then a* = id on ^s(cr) — ^T(cr)- Thus modulo 
T((t) we have 

^ m p— 3 p— 2 

= cr* (y) - 2/ = -^(^y,j6,j+i - yr.p-2{bm H l-6ip-2) "^ytjhj)- 

P 1=1 j=0 j=Q 

From the vanishing of the coefficients of the bij^s it follows that yij = {j + l)yio 
modulo p. Thus 

p-2 p-2 



This implies that ^T(cr) is generated by . . . , Bm, hence a < m. □ 

In what follows we will denote by m = (22 — r)/(p — 1) the rank of T{a) as a 
Z[^p]-module (r denotes the rank of S{(t)). 

We will now describe the structure of the fixed locus X"' of a non-symplectic 
automorphism a of order p of a KS surface. We can assume a to act on lox as the 
multiplication by C.p. The action of a can be locally linearized and diagonalized at 
a fixed point x £ X"' (see §5, [E]), so that its possible local actions are 

/ C*+^ \ 
^P,t= % ^p-t j, i = 0,...,p-2. 

If t = then X belongs to a smooth fixed curve for cr, otherwise x is an isolated 
fixed point. We will say that an isolated point x £ X"' is of type t {t > 0) if the 
local action at x is given by Ap^t and we will denote by the number of isolated 
points of cr of type t. 

Lemma 2.2. The fixed locus of a is either empty or the disjoint union of isolated 
points and smooth curves. Moreover, in the second case, X'^ is either the union of 
two disjoint elliptic curves or of the form 

(1) X" = CUi?iU---Ui?feU{pi,...,p„}, 
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where C is a smooth curve of genus g > 0, Ri is a smooth rational curve and pi is 
an isolated point. 

Proof. The first statement follows from the previous discussion about the local 
action of a. By Hodge index theorem the Picard lattice of X is hyperbolic. Thus, 
if X'^ contains a smooth curve C of genus g > 1, then the other curves in the 
fixed locus are rational (by adjunction formula, since their class have negative self- 
intersection). 

If X" contains an elliptic curve, then the other fixed curves can be either ratio- 
nal or elliptic. Assume that there are two fixed elliptic curves Ei,E2. Since Ei, E2 
are disjoint, then their classes are linearly equivalent and define a cr-invariant el- 
liptic fibration (p : X . Since the local action oi a at p G Ei is of type 
{x,y) I— {x,Cpy), then a induces a non-trivial action on P^. Thus a has exactly 
two fixed points in and its fixed locus is equal to Ei U E2. This concludes the 
proof. □ 

The aim of the rest of this section is to relate the topological invariants g,k,n of 
the fixed locus X"^ to the lattice invariants m, a (and so r, a) of T(cr). The methods 
we will apply generalize techniques in |10j and |20j . 

Lemma 2.3. The Euler characteristic of X'^ is 24 — mp. 

Proof. By the topological Lefschetz formula we have: 
4 

X{X") = ^(-I)Hr((7*|i/*(X,M)) = 2 + tr{a*\S{G)) + ii{a*\T{a)) ^2 + r-m, 
where r is the rank of >5'(f7). This gives the statement since m{p — 1) = 22 — r. □ 



Observe that, by Lemma 12.21 the Euler characteristic of is either zero or 
XlX") = (2 - 2g) + 2k + n. In the second case, let a = 1 - g + k. 

Theorem 2.4. Let a be a non-symplectic automorphism of prime order p of a KZ 
surface and let r he the rank of its invariant lattice S{a). Then the types Ui of the 
isolated fixed points of a and the integer a can be expressed in function of r as in 
TableUl 

Proof. The holomorphic Lefschetz formula [3] Theorem 4.6] allows to compute the 
holomorphic Lefschetz number L{a) of a in two ways. First we have that 

2 

Lia) = J2{-iytr{<^*\W{X,Ox)). 

i=0 

By Serre duality H^{X,Ox) ^ H^{X,Ox{Kx)Y , so that 

(2) L{a) = l + Cr'- 

On the other hand, if the fixed locus is as in ([1]), we also have that 

L{c7) =J2nta{t) + b{g) + kb{0), 
t=i 

where 

1 1 1 

(3) ait) = 



det(/-a*|rt) det{I-Ap,t) (1 - Ct)(l - Cp-*+i) ' 
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Table 1. Isolated fixed points 



with Tt the tangent space of X at a point of type t, and 

(4) K9)-^-¥^-^-^P^^^, m- '^^^ 



If X"' is either empty or the union of two elliptic curves, then L{a) = 0. 

Combining ^ and (|3]) we get the types appearing in Table [T] Moreover, 
since xi-^'^) = '^ct + n, we get the values of a in Table[T]by applying Lemma [^751 □ 

We now assume that the fixed locus is as in ([1]) and we will determine the genus 
5 as a function of the invariants m, a of T(a) by means of Smith exact sequences. 
We will consider the following isometrics of H^{X, Z): 

Q = l + a* + {<j*f + ■■■ + {<J*f-\ i) = l-<j*. 

Observe that kerf) = 5(cr), kerg = T{a) and \H^{X,Z)/ S{a) ® T{a)\ = p". We 
now consider the coefhcient homomorphism 

c : H^{X,Z) — > H^{X,Zp). 

Observe that c{S{a) T{a)) coincides with E — keig C H^{X,Zp). This implies 
that a = dimi?2(X,Zp) - dim£;. 

Let C{X) be the chain complex of X with coefficients in Zp. The automorphism 
a acts on C(X) and gives rise to chain subcomplexes qC{X) and t)C{X). We denote 
by Hf{X), H^(X) the associated Smith special homology groups with coefficients 
in Zp as in [6, Definition 3.2, Ch. Ill] and by x^i^): X^{^) the corresponding Euler 
characteristics. By [6l (3.4), Ch. Ill] there is an isomorphism 

Hf{X)^m{X/{a),X^), 

where X" is identified with its image in the quotient surface X/{a). 

In what follows, the coefficients are intended to be in Zp. Observe that g — t)^^^ 
over Zp. Let p — i)^ and p — 1)^"% then for any i,j = l,...,p—lwe have the exact 
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triangles Theorem 3.3 and (3.8), Ch. Ill]) 
(Tl) H4X) 



HP{X) 



HP{X)® H^X") 



(T2) 



h: (x) 




Hr\x) 



HS{X) 



where f)*, i* and p* have degree and the horizontal arrows have degree —1. The 
triangle (Tl) induces two long homology sequences for p — Q and (]. In particular, 
since Hi{X) = H-i{X) = 0, then (Tl) induces the sequences: 



^ HliX) ^ H^{X) e iJ2(^") ^ H2{X) ^ HliX) ^ H^{X) ® Hi{X° 
^ H'iiX) 4 Hl{X) ® H2{X^) ^ H2{X) ^ H^{X) ^ Hf{X) Hi{X° 



0, 



0. 



Lemma 2.5. H^{X) = -ffo (^) = 0, dimij]'(X) = dimi/,f(X) = 1 for i ^ 1,3,4. 

Proo/. Since X/(cr) is connected, then H^{X) ~ Ha{X/{a),X^) = (see [9i Prop. 
13.10]). This implies that dimiJo^(X) = by repeated use of (T2). By (Tl), this 
gives dimijj'(X) = dimfff (X). 

Moroever, by (Tl) we get dimiJ3^(X) = dim i?|(X) and dimi?|(X)+dimiJ4V^)- 
dimi?|(X) = 1. The exact sequence of the pair {X/{a),X°') gives dimi7|(X) = 
dimi74(^/(o-)) = 1, which implies that dimHl{X) = dimiJ|(X) dimiJ3^(X). 
Observe that dimH^{X) < 1 by (Tl) (has an injective map to H'^{X)) and 
diu\Hl{X) > 1 by (T2) (there is an injective map from Hfl^X) to H^{X)). This 
gives the statement. □ 



Lemma 2.6. 



. H2 



H2 is injective. 



Proof. Assume that i^ is not injective. By 'W, (3.7), Ch. Ill] we have the following 
exact square: 



(5) 



0- 



0- 



HliX) 



hI{X) ® H2{X'') 



I3 



Hl{X)®H2{X''). 



Thus f)?" is the zero homomorphism, since dimi?|(X) = dimff|(X) = 1 by 
Lemma [2.51 It can be easily seen that this leads to a contradiction looking at the 
first terms in the homology ladders associated to the diagrams |6j (3.6) and (3.7), 
Ch. III]. □ 



Lemma 2.7. dimimQ!2 — dimi?, dimimQ!2— dimimofj 

= dim H^{X)-dim Hl{X) . 
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Proof. We will denote by E' = kerg* C H2{X). Observe that E' is the dual of E, 
so that diuiE = dimE'. 

We will use the following properties of Smith exact sequences: im a2 C E' and 
the projection of 73 on the second factor is the boundary homomorphism in the 
sequence of the relative homology Hi{X/ (a), X"'). The latter property implies that 
such projection is injective, since H^{X/ (a)) = 

Ux e E' then a2{l32ix) © 0) = q*{x) = 0. Hence /32(a;) ® € keras = im7^. By 
the square ([S]), we get that i*{fi2{x)) = lz[y) & ini(73)- Since the projection of 
73 on the second factor is injective, then 73(2/) — i*{l32{x)) = 0. By Lemma 12.61 
this implies that x € ker(/32) = im(a2), proving that E' C ima2- 

The two exact sequences induced by (Tl) and Lemma [275] give the second state- 
ment. □ 

Proposition 2.8. dimiJj(X'^, Zp) = 24 - 2a - m(p - 2). 

Proof. By (T2) we have x"' (X) = xHX) + X^'^' (X) for any j = 1, . . . ,p- 1. Since 
t)P-^ = Q, then x^iX) = {p - l)xHX). Moreover, by (Tl) we get: 

X{X) - x{Xn = x'iX) + x\X)^px%X). 

Thus by Lemma 12.31 we have 

XHX) = m. 

On the other hand x^i^) - X^iX) = dimiJ|(X) - dimH^{X) by Lemma O 
Hence, by Lemma [2.71 we get 

dimima2 -dimima^ = x'^ (X) - x^iX) =x^{X){p-2) =m(p-2). 

Then from the two exact sequences. Lemma 12.51 and 12 . 71 we have 

^dimff,(X) - ^dimH,{X'') = x^{X) + X^{X) -2dixnHi{X") 

i i 

= dimim/32 + dimim/32 = 2(dimiJ2(^) — dimimQ!2) + dimima2 — dimima'j 
= 2a + m{p-2). 

This concludes the proof since d\v[\Hi{X) = 24. □ 

Corollary 2.9. // the fixed locus of a is as in (Qp, then 2g — m — a. Otherwise, if 
it is either empty or the union of two elliptic curves, then m = a and m — a = A 
respectively. 

Proof. It follows from Lemma [2?3] and Proposition 12.81 since 

^dimi/,(X'",Zp) - x{X'',Zp) = 2dimi7i(X'",Zp) = Ag 

i 

in case the fixed locus is as in ^ (and equals and 8 if it is empty or the union of 
two elliptic curves respectively). □ 

Remark 2.10. By Corollary 12.91 the integer to — a is positive and even, this is 
equivalent to the condition (*) in Theorem lO.il 

Moreover, by Lemma 12.31 Theorem 12.41 and Corollary 12.91 it follows that the 
invariants <?, A;,n of the fixed locus of a uniquely determine the invariants r, a (or 
TO, a) of the invariant lattice and viceversa. Thus, by Theorem ll.il it is equivalent 
to give the topology of the fixed locus of a or its invariant lattice in H'^ (X, Z) if 
p > 3. An easy computation gives the formulas for n, k as functions of r, a given in 
Theorem inill 
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3. Order 2 

We briefly recall the classification theorem for non-symplectic involutions on 
K3 surfaces given by Nikulin in [20, §4] and [21, §4]. The local action of a non- 
symplectic involution ct at a fixed point is of type 

1 



^2,0 - 1 -1 

so that X'^ is the disjoint union of smooth curves and there are no isolated fixed 
points. The lattice S{a) is 2-elementary thus, according to Theorem 11.11 its isom- 
etry class is determined by the invariants r, a and S. 




Figure 1. Order 2 

Theorem 3.1 (Theorem 4.2.2, [20]). The fixed locus of a non-symplectic involution 
on a K3 surface is 

• empty if r ~ 10, a = 10 and 6 = 0, 

• the disjoint union of two elliptic curves if r = 10, a = 8 and 6 = 0, 

• the disjoint union of a curve of genus g and k rational curves otherwise, 
where 

5 = (22-r-a)/2, fc = (r-a)/2. 

Figure [T] shows all the values of the triple (r, a, 5) which are realized and the 
corresponding invariants {g, k) of the fixed locus. 

The surfaces which arise as quotients of K3 surfaces by non-symplectic involu- 
tions have been classified in [3TJ [TJ [33]. These are Enriques surfaces if = and 
smooth rational surfaces otherwise. 

4. Order 3 

Non-symplectic automorphisms of order 3 on K3 surfaces have been recently 
classified in [5] and [31] . In this case the local action at a fixed point is of one of 
the following 
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SO that the fixed locus contains both smooth curves and isolated points. Let (r, a) 
be the invariants of S{a), and let rankT(cr) — 2m as in section §3. 

Theorem 4.1 (Table 1, [2] and Theorem 1.2, [31]). The fixed locus of a non- 
symplectic automorphism of order 3 on a KS surface is not empty and it is either: 

• the union of three isolated points if m = a — 7, or 

• the disjoint union of n points, a smooth curve of genus g and k smooth 
rational curves, where 

n = 10 — m, g — (m — a)/2, k ~ 6 — (m + a)/2. 

All values of the pair (m, a) and the corresponding invariants {g, k, n) of the fixed 
locus are represented in Figure [21 




0123456789 10 



Figure 2. Order 3 

Remark 4.2. We give here a construction relating K3 surfaces with n = 3, fc = 0, 
g = 1 to those with n — 3 and no fixed curves (cf. [2, Proposition 4.7]). Consider 
the elliptic K3 surface Xa.b defined by the Weierstrass equation 

^x^ + {t^ + ait^ + a2)x + (t^^ + ^^^9 + + 53^3 ^ ^^^^ 

where a € C^, 6 € are generic. The fibration has 24 fibers of Kodaira type Ii 
over the zeros of its discriminant polynomial. The automorphism of order 3 

<^{x,y,t) = {x,y,C3t) 

acts non trivially on the basis of the fibration and preserves the smooth elliptic 
curves over < = and t = oo. Moreover, the fiber over t = is pointwise fixed. 
This implies that a is non-symplectic and by Theorem 14.11 we have n = 3, k = 0, 
g ^ 1. The minimal resolution of the quotient surface Xa^b/ {<^) is a rational elliptic 
surface iTafi : Ya.h ^ with Weierstrass equation 

= + (i^ + ait + a2)x + {t* + bit^ + 62*^ + ht + 64). 

This fibration has one singular fiber of Kodaira type IV over t = 00 and 8 fibers of 
type Ii. Let p : P — be a non-trivial principal homogeneous space of i^afi given 
by an order 3 element in the fiber 7r~^(0) (see [Tj Ch.V, §4]). Then surface P is a 
rational elliptic surface with a multiple smooth elliptic fiber of multiplicity 3 over 
0. Let Z be the surface obtained by blowing up the intersection point of the three 
rational curves of the fiber p~^(oo) and then blowing down the strict transforms of 
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the three rational curves. Then Z is a log Enriques surface of index 3 with three 
singular points. Let X be the canonical cover of Z and tr be a generator of the 
covering transformation group of the cover. By 35j Theorem 5.1], since Z has three 
singular points of type (3, 1) (these are Hirzebruch-Jung singularities, cf. [H Section 
5] ) then X is a K3 surface and a is an order 3 non-symplectic automorphism of X 
with only three fixed points. 

A similar construction relates Examples 15. 6| 16. !( 17.11 to Examples 15. 8| 16.21 17.21 
respectively. 

5. Order 5 

An order five non-symplectic automorphism of a surface has three possible 
local actions at a fixed point 



C5 \ _ / cf \ _f a 



Thus the fixed locus can contain both fixed curves and isolated points of two dif- 
ferent types. We start providing two families of examples. 

Example 5.1. Let A be the family of plane sextic curves defined by 

4 
i=l 

where Xi G C. Observe that the projective transformation 

(6) CT(a;o,a;i,X2) = (xo,xi,C5a;2) 

preserves any curve in ^. If C £ .4 is smooth, then the double cover X of 
branched along C is a KS surface and a induces an automorphism a of order 5 on 
X. Since X"' — {(0,0,1)} U {x2 = 0}, then X"' is the union of an isolated fixed 
point and a smooth curve of genus two. This implies that a is non-symplectic (since 
symplectic automorphisms only have isolated fixed points) 

If the complex numbers A^'s are distinct, then the corresponding sextic C €z A is 
smooth and has six fixed points on the line X2 — 0. Otherwise, if two or three of 
the Ai's coincide, then C has a singular point of type or respectively. 
More in detail, we have the following cases: 

Equation of C: Types of singular points: 

a) xl{xo - xi)Yl'^^2i^o - XiXi) + x^xi ^0 A4 

b) xl{xo - xi){xo - X3Xi){xo - X4,xi) + xlxi = Es 

c) a;§(a::o - xi)^(xo - A3Xi)(xo - A4a;i) + a^i^^i = Al 

d) Xq{xo - XiY{xq - XiXi) + x\xi ^ G A4©i?8 

e) Xq{xq — xiY + X2X1 — Q Eg. 

Example 5.2. Let B be the family of plane sextic curves defined by 

uiXq + a2XQXixl + a3XQxlx2 + xo{a4xl + 05X2) -|- 0^x^X2 = 0, 
where a € C^. The projective transformation 

(7) CT(a;o,a:i,a;2) = (xo,C5a;i,C52;2) 
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preserves any curve in B. li C E B is smooth, then the double cover X of 
branched along C is a K3 surface and a induces a non-symplectic automorphism a 
of order 5 on X. In fact a does not leave invariant the holomorphic 2-form (written 
in local coordinates): 

dx A dy 

where / denotes the equation of a curve in B in local coordinates x^y. Since 
X'^ = {(1, 0, 0)} U {(0, 1, 0)} U {(0, 0, 1)} and ah but one of these points belong to 
C, then X"^ is the imion of 4 isolated points. 



Theorem 5.3. The fixed locus of a non-symplectic automorphism a of order 5 on 
a K3 surface is either 

• the union of three isolated points of type 1 and one point of type 2 if S{a) 
is isomorphic to ® ^4(5), or 

• the disjoint union of Ui isolated points of type i, a smooth curve of genus g 
and k smooth rational curves where {g,k,ni) appears in a row of Table\^ 

The same table gives the corresponding invariant lattice S{a) and its orthogonal 
complement T{a). 

Proof. The list of lattices in Table [2] is obtained by using Theorem ll.il and Corollary 
12.91 (which implies that to — a is a positive even integer). For any such lattice S{a) 
the invariants g,k,ni of X"^ can be computed by means of Lemma 12.31 Theorem 
121] and Corollary [2H □ 

We will now show that a K3 surface X with a non-symplectic automorphism a 
of order 5 such that Sx — S{a) belongs to one of the two families in Examples 15. H 
This will also show that all cases in Table [2] do appear. 
By Theorem 15.31 the invariant lattice of a is one of the following types. 



S{(j) = He, Let h be the generator of with = 2. By [M] Lemma 3.5] we 
can assume h to be ample and base point free. Thus the morphism associated to 
\h\ is a double cover of branched along a smooth plane sextic B. Moreover, since 
h € S{a), then the action of cr on X induces a projectivity a of P^. By Theorem 
5.31 the fixed locus of a contains a curve of genus 5 = 2. This implies that a has a 



curve in the fixed locus, hence for a suitable choice of coordinates it is of the form 
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([6]). Thus {X,a) belongs to the family in Example 15.11 



S{cr) = i?5 © ^4 In this case we can assume h to be nef and base point free, by 

a reasoning similar to the one in the proof of [Ml Lemma 3.5]. The associated 
morphism is a double cover of branched along a plane sextic B with a singular 
point p of type A4. By Theorem 15.31 the fixed locus of a contains a fixed curve. As 
before, this implies that a is of type ^ . This implies that X belongs to the family 
in Example 15. 1[ a). 

The cases ® E^, i/s ® A|, H^® A^® Es and H5 ® E^ can be discussed in a 
similar way and correspond to Examples 15.11 c). d) and e) respectively. 



^ iJs © ^4(5) Since ^4(5) does not contain vectors with self-intersection —2 

(see the description of in [30 ), then we can assume h to be ample as before and 
the associated morphism is a double cover branched along a smooth plane sextic 
B. By Theorem 15.31 the automorphism a has at most isolated fixed points. Thus 
the same is true for a so that, for a suitable choice of coordinates, it is of the form 



([T]). Hence {X,a) is as in Example 15.21 

Remark 5.4. In [21] K. Oguiso and D-Q. Zhang showed the uniqueness of a K3 
surface with a non-symplectic automorphism of order five and fixed locus containing 
no curves of genus > 2 and at least 3 rational curves. In their approach they used 
log Enriques surfaces. 

Remark 5.5. In [T^l §3.1, 3.2] and in TT, Remark 6] S. Kondo considers the 
minimal resolution X of the double cover of branched along the union of the 
line X2 — and the plane quintic curve 

5 

i=l 

where the A^'s are distinct complex numbers. Then X is a Ki surface with an 
automorphism a induced from ct as in ([6]) with n = 7, (7 = 0, fc = and T{<j) = 
U ® H^® A\ as computed in ^ Section 12, p. 53]. Since this family has dimension 
2, this gives a different model for the family of KZ surfaces in Example 15.11 c). 

In [11, §7,(7.6)] appears the following elliptic KZ surface with order 5 automor- 
phism: 

y2 ^ x3 + t^x -f t\ a{x, y, t) = (C|x, Cly, Cst)- 
Here the fixed locus has the invariants n — 13, g = and k = 2, hence this gives a 
different model for Example 15.11 e). 

Example 5.6. Let Xa.is^j be an elliptic K3 surface with Weierstrass equation 

^x^ + {t^ + a)x + {I3t^° -f + 7), a, /3, 7 e C. 

For generic a, (3 and 7 the fibration has a fiber of Kodaira type IV over t = 00 and 
20 fibers of type Ii. Observe that the fibration has an automorphism of order 5: 

cr{x,y,t) = (x^yXst). 

This automorphism acts non trivially on the basis of the fibration and preserves 
the fibers over i = and t — 00. In fact it fixes pointwise the smooth fiber over 
t — 0. This implies, by looking at the local action at a fixed point, that tr is 
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non-symplectic. Checking in Table [2] one can see that the fixed locus has ni = 3, 
712 = 1, <? = 1 and fc = 0. In fact it is easy to see that this is an equation of the 
generic K3 surface in the family of Example 15. 1[ a). Moreover observe that: 

1) If /? = then the fibration has a singular fiber of Kodaira type III* over t — oo 
and 15 fibers of type Ii. This corresponds to the case ni = 5, n2 — 2, g ~ 1, 
fc = 1 in Table H 

2) If = —27/47^ then the fibration has a singular fiber of type IV over t = oo 
and of type /5 over t — 0. This corresponds to ni = 5, n2 = 2, g — k = 0. 

3) If a = 7 = then there is a fiber of type IV over t — oo and a fiber of type //* 
over t — 0. This corresponds to ni = 7, n2 = 3, g = 0, fc = 1. 

4) Ifa = /3 = 7 = then there is a fiber of type ///* over t = oo and a fiber of 
type //* over i = 0. This corresponds to ni = 9, n2 = 4, g = 0, fc = 2. 

We recall that a log-Enriques surface is a normal algebraic surface Y having 
at most quotient singularities such that h^iY^Oy) = and mKy = Oy for some 
positive integer to. The index of Y is the smallest positive m with this property. 
The canonical covering q : Y ^ Y (i.e. that induced by the relation mKy — Oy) 
is a cyclic cover of degree m, etale over the smooth points of Y. The minimal 
resolution of Y is known to be either a K3 surface or an abelian surface. 

Remark 5.7. The general theory of log Enriques surfaces has been developed in 
[SH [35l [36] . Moreover, log Enriques surfaces of index 2 have been studied in [33], 
of index 5 in [H], of index 11 in ,22, and of index 13, 17, 19 in [23]. 

Example 5.8. Let Tra,b.c ■ Ya,b.c be the rational jacobian elliptic surface with 

Weierstrass equation 

y'^ ^x'-^ +tx+{at^ + bt + c), a,b,ceC. 

For generic a, b, c the elliptic fibration has a fiber of Kodaira type IV* at i = oo and 
4 fibers of type Ii . Let p : P — >■ be a non-trivial principal homogeneous space of 
'^a,b,c given by an order 5 element in the fiber tt"^ ^(0) (see [7, Ch.V, §4]). Then P 
is a rational elliptic surface with a multiple smooth elliptic fiber of multiplicity 5 
over 0. Let Z be the surface obtained by blowing up the intersection points of the 
component of multiplicity 3 of p~^(oo) with those of multiplicity 2 and then blowing 
down the four connected components of the proper transform of p^^(oo). Then an 
easy computation shows that Z is a log Enriques surface of index 5 with 4 singular 
points (the images of the components of p~^(oo)). Let X be the canonical cover of 
Z and cr be a generator of the covering transformation group of the cover. By [35l 
Theorem 5.1], since Z has three singular points of type (5, 2) and one of type (5, 1), 
then X is a K3 surface. Moreover, a is an order 5 non-symplectic automorphism 
of X with only isolated fixed points. 

6. Order 7 

The local actions of an order 7 non-symplectic automorphism on a K3 surface 
at a fixed point are of four types 

= ( Ct ) ' " ( ) ' " ( ) ' " ( ) 

Example 6.1. Let Xa^b be the elliptic K3 surface with Weierstrass equation 
y"^ = x^ + {af + b)x + {f -1), a,beC. 
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For generic a, b the fibration has one fiber of Kodaira type /// over t — oo and 21 
fibers of type /i . Observe that X carries the order 7 automorphism 

(8) a{x,y,t) = [x.yXit). 

Observe that: 

1) If 6 is generic, then Xq^^ has one singular fiber of type //* over t = oo and 14 
singular fibers of type Ii ; 

2) if a is generic and 6"^ — —27/4, then Xa.b has one singular fiber of type /// over 
t = oo, one of type /y over t = and 14 fibers of type /i; 

3) if ir' = —27/4, then Xo.fc has one singular fiber of type //* over t = oo, one of 
type /y over t — Q and 7 of type Ii . 

Example 6.2. Let Tia.b ■ i^a,6 — > be the rational jacobian elliptic surface with 
Weierstrass equation 

y'^ ^ + tx + {at + b), a,beC. 

For generic a, b the elliptic fibration has a fiber of Kodaira type ///* at i = oo 
and 3 fibers of type Ii . To this rational surface we can associate a K3 surface with 
an order seven non-symplectic automorphism having zero-dimensional fixed locus. 
The construction is similar to the one described in Example 15.81 Let p : P — > 
be a non-trivial principal homogeneous space of tTq {, given by an order 7 element 
in the fiber 7r~^(0). The surface Z obtained by blowing up the intersection points 
of the component of multiplicity 4 of p~^(oo) with those of multiplicity 3 and 
then blowing down the three connected components of the proper transform of 
p~^{oo) is a log Enriques surface of index 7 with 3 singular points (the images 
of the components of p~^{oo)). By [35l Theorem 5.2] the canonical cover of Z is 
a K3 surface and a generator of the covering transformation group is an order 7 
non-symplectic automorphism with only isolated fixed points. 

Theorem 6.3. The fixed locus of a non-symplectic automorphism a of order 7 of 
a K3 surface is either 

• the union of two isolated points of type 1 and one point of type 2 if S{a) is 
isomorphic to U (7) ® K-j, or 

• the disjoint union of Ui isolated points of type i, a smooth curve of genus g 
and k smooth rational curves where {g,k,ni) appears in a row of Table\^ 

The same table gives the corresponding invariant lattice S{a) and its orthogonal 
complement T[a). 
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Proof. The lattices in Table [3] can be found by means of Theorem 11.11 and Theorem 
12.11 For any such lattice S{a) the invariants g,k,ni of X" can be computed by 
means of Lemma 12.31 Theorem 12.41 and Corollary 12.91 □ 



We will now show that a K3 surface X with a non-symplectic automorphism a 
of order 7 such that Sx = S{a) belongs to one of the two families in Examples 16.11 
6.21 This will also show that all cases in Table [3] do appear. 

Observe that each lattice S{a) in the table contains a copy of either U or U (7). 
This implies that the generic K3 surface with Picard lattice isometric to S has an 
elliptic fibration. By Theorem l6.3l the invariant lattice of a is of the following types. 



S{a) = U ® K-j A K2, surface X with Sx = S{a) has a jacobian elliptic fibration 

with a unique reducible fiber of type Ai (since contains a unique (— 2)-curve, 
as can be checked directly). Observe that a preserves the elliptic fibration and its 
action on the basis of the fibration is not trivial, since otherwise a smooth fiber 
would have an order 7 automorphism with a fixed point in the intersection with the 
section. Thus a preserves two fibers: one of them is smooth and the other one is 
the reducible fiber. By Theorem 16.31 we know that a fixes exactly 3 isolated points 
and a smooth elliptic curve. This implies that the reducible fiber is of Kodaira type 
/// (if it were of type I2 it should contain a fixed rational curve) . 

Since X has a jacobian elliptic fibration with an order 7 automorphism acting 
non trivially on the basis, then we can write it in Weierstrass form: 

where a acts as {x,y,t) 1— > {x^y,C,jt). The polynomials f{t),g{t) are invariant for 
this action and deg(/) < 8, deg(g) < 12. Hence for a proper choice of coordinates 
we can assume f{t) = {at"^ + b)t™' and g{t) ~ {cf — d)t'^ where m < 1, n < 5. Since 
the discriminant divisor is also cr-invariant and there are exactly 21 fibers of type 
Ji in pi\{oo}, then A(<) = 5{f - a){t' - I3){f - 7). Looking at the coefficients 
of the equality A{t) = 4/(i)'^ + 27g{t)^ we can deduce that m — n — 0, hence the 
Weierstrass equation of the K3 surface is of type 

y2 ^ 2-3 ^ (^^7 _^ _^ _ 

After applying a suitable change of coordinates we obtain a surface in the family 
of Example 16.11 

Similar remarks show that K3 surfaces with Sx = U ® Es, U (B Kj Q) Aq — 
U{7) ® Es and U Q) Es (B Aq belong to the families a), b) and c) respectively in 
Example 16.11 



S'(cr) ^ U{7) ® Kr By [26, CoroUary 3, §3] a K3 surface X with Sx = 5'(ct) admits 

a cr-invariant elliptic fibration tt : X — >■ P^. 

By Theorem 16.31 we know that a has exactly 3 fixed points. This implies that 
TTi has at most one reducible fiber of type ///. Observe that a induces an order 7 
automorphism on the basis of tti with two fixed points i.e. a preserves two fibers. 
We can assume them to be a smooth fiber over and a fiber of type /// over 00 . 
Moreover, tti has generically 21 fibers of type Ji, divided in 3 cr-orbits. 

The quotient X/{a) is a log Enriques surface of index 7 (see Lemma 1.7 and 
its proof in [25]) and tti induces and elliptic fibration ffi : X/{a) — > P^. Let Y be 
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the minimal resolution of X/{a). The proper transform of 7fj~"'^(cxi) is a (— l)-curve. 
After contracting this curve we get a minimal rational elliptic surface tti : Y 
with one fiber of type 7/o , one of type ///* and three of type /i . It can be easily 
proved that the jacobian fibration of tti is as in Example 16.21 

Remark 6.4. A different model for the K3 surface with Sx — U (B Eg (B Aq was 
given by S. Kondo in [HI §7, (7.5)]: 

y^ = x^ + t^x + t\ a{x, y, t) = (C^a;, Cy, C'*)- 

The singular fibers of this elliptic fibration are of type III* , of type IV* and 7 of 
type Ii. Moreover it follows from [29l §5] that the rank of its Mordcll-Weil group 
is 1. 

7. Order 11 

Non-symplectic automorphisms of order 11 of ifS surfaces have been classified 
in 1999 by K. Oguiso and D-Q. Zhang [22]. We provide here an alternative view of 
their classification. 

Example 7.1. Let be the elliptic surface with Weierstrass equation 

2/2 ^ +aa: + (t" - 1), a G C. 

For generic a e C the fibration has one fiber of Kodaira type // over t — oo and 22 
fibers of type Ii. Observe that X carries the order 11 automorphism 

(9) a{x,y,t) = {x,yXiit)- 

If = —27/4 then Xa has one singular fiber of type // over t = oo, of type In 
over t = and 11 fibers of type Ii. 

Example 7.2. Let tTq : Ya — > be the rational jacobian elliptic surface with 
Weierstrass equation 

y'^ ^ x^ + X + {t - a), a e C. 

For generic a the family has a fiber of type //* over t = oo and two fibers of type 
Ii over the zeros of A = 4 + 27(f — a)^. As in Examples 15.81 and 16.21 we associate to 
Ya a K3 surface with a non-symplectic automorphism with zero-dimensional fixed 
locus. Let p : P — >■ be a non-trivial principal homogeneous space of tTq given by 
an element of order 11 in the fiber 7r~^(0). The surface Z, obtained after blowing 
up the intersection point of the components of multiplicity 5 and 6 in p^^(oo) and 
then blowing down the proper transform of the fiber p~^{oo), is a log Enriques 
surface of index 11 with two singular points. By [35) Theorem 5.1] the canonical 
cover of Z is a K3 surface and a generator of the Galois group of the covering is a 
non-symplectic order 11 automorphism with two isolated fixed points. 
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Theorem 7.3. The fixed locus of a non-symplectic automorphism a of order 11 of 
a K3 surface is either 

• the union of one point of type 1 and one of type 4 if S{a) = [/(II), or 

• the disjoint union of ni isolated points of type i, a smooth curve of genus g 
and k smooth rational curves where {g,k,ni) appears in a row of Table^ 

The same table gives the corresponding invariant lattice S{a) and its orthogonal 
complement T{a). 



Proof. The lattices in Table |4] can be found by means of Theorem 11.11 and Theorem 
12.11 For any such lattice S{(j) the invariants g,k,ni of X"^ can be computed by 
means of Lemma 12.31 Theorem 12.41 and Corollary 12.91 □ 



We will now show that a if 3 surface X with a non-symplectic automorphism a 
of order 11 such that Sx = S{a) belongs to one of the two families in Examples 
17.11 17.21 This will also show that all cases in Table |3] do appear. Note that also in 
this case X admits an elliptic fibration, since S{a) contains a copy of either U or 
t/(ll). 



S{a) = C/ A K3 surface X with Sx = S{a) has a jacobian fibration with no re- 
ducible fibers. The order 11 automorphism acts on the basis of the fibration with 
two fixed points i.e. it preserves two fibers. By Theorem l7.3l we know that the fixed 
locus contains one elliptic curve and two points. Thus there is one singular fiber 
with two fixed points and a smooth fiber, which is pointwise fixed. Since a acts on 
the basis of the fibration and X{X) = 24, it follows that the tr-invariant singular 
fiber is of Kodaira type II. Thus we are in Example 17.11 



S{a) = U (B AiQ By Theorem 17.31 the fixed locus contains one smooth rational 
curve R and 11 points. Note that X in this case has a jacobian fibration with one 
fiber of type In and R is necessarily a component of this reducible fiber. Hence 
the fiber In contains 9 fixed points. The remaining two fixed points belong to an 
irreducible fiber of type //. Thus we are in Example 17.11 



5(cr) ^ C/(ll) By [2ni Corollary 3,§3] a K3 surface X with Sx = S{a) carries 

an elliptic fibration tt : X ^ (not jacobian). By Theorem 17.31 we know that 
there are no curves in the fixed locus and two isolated points. Hence tt has at most 
one reducible fiber of type //. Since a induces an order 11 automorphism of P^, 
then there are two fibers which are preserved. These are the fiber of type // and 
a smooth elliptic fiber, which we can assume to be over oo and 0. For the generic 
K3 the other singular fibers are 22 of type Ii, divided in two orbits. 

The quotient X/{a) is a log Enriques surface of index 11 (see Lemma 1.7 and its 
proof, [15]) with two singular points (the images of the fixed points on X) and an 
elliptic fibration tt : X/{a) — >■ P^. We can now consider the minimal resolution of 
X/{a), where the proper transform of tt~^{oo) is a (— l)-curve. After contracting 
this (— l)-curve we obtain a smooth rational elliptic surface Y ¥^ with 11 fibers 
of type Jq, one fiber of type //* and two fibers of type Ii. Thus we are in Example 
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Example 7.4 (|1JLJ)- Let X be the K3 surface with non-symplectic automorphism: 

y2 = + t^x + y, t) = iCliX, (liV, Ci'iO- 

The eUiptic fibration has one singular fiber of type IV , one of type ///* and 11 
of type Ii. This is the only K'i surface with order 11 automorphism such that 
rankT(cr) = 10. Note that the fiber of type ///* contains 7 fixed points and a 
rational fixed curve, while the fiber of type IV contains 4 fixed points. 

8. Order 13, 17, 19 

KZ surfaces with non-symplectic automorphisms of order 13, 17 and 19 are well 
known and studied in |11| and |23| . The following examples are due to Kondo. 

Example 8.1. Let X be the K'i surface with non-symplectic automorphism: 

y2 ^ + t^x + t, y, t) = (Cfgx, Cisy, CiaO- 

The elliptic fibration has one singular fiber of type //, one of type ///* and 13 
fibers of type Ii. Note that the fiber of type ///* contains 7 fixed points and a 
rational fixed curve, while the fiber of type // contains 2 fixed points. 

Example 8.2. Let X be the Ki surface with non-symplectic automorphism: 

y2 = x3 + t\ + a(x, y, t) = [Cnx, ClrV, CnO- 

The elliptic fibration has one singular fiber of type IV , one of type /// and 17 
fibers of type Ii. Note that the fiber of type IV contains 4 fixed points, while the 
fiber of type /// contains 3 fixed points. 

Example 8.3. Let X be the Ki surface with non-symplectic automorphism: 

=x^ + fx + t, a{x, y, t) = (C^gX, Cigy, CigO- 

The elliptic fibration has one singular fiber of type //, one of type /// and 19 fibers 
of type Ii. Note that the fiber of type // contains 2 fixed points, while the fiber of 
type /// contains 3 fixed points. 

Theorem 8.4. A surface with a non-symplectic automorphism a of order 13, 17 
or 19 is isomorphic to the surface in Examvle \8.1l or \8.Si resvectivelv. 

The fixed locus of such automorphism is the union of Ui points of type i and k 
smooth rational curves, as described in Tables \5\ and respectively. The same 
table gives the corresponding invariant lattices S{a) and their orthogonal comple- 
ments. 
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Table 7. Order 19 



Proof. The lattices in tables [SJ [S] and [7] can be found by means of Theorem 1 1 . 1 1 and 
Theorem l2.1l For any such lattice S{a) the invariants g, k, rii of the fixed locus X'^ 
can be computed by means of Lemma 12.31 Theorem 12.41 and Corollary 12.91 

We now show that a K3 surface with a non-symplectic automorphism of order 
13, 17 or 19 is as in Example 18. 1[ 18.2 1 or 18.31 respectively. 

If p = 13 then S{a) ^ His ® Es- Let ei,e2 be the generators of H13 with 
intersection matrix as in section 1 and f ^ E%. The vectors ei — 62 + /, 62 + / and a 
basis of f^=E-jC Es generate a primitive sublattice S of S{a) isometric to U(BEr 
such that 5^ contains no (— 2)-curves. It follows that X admits a jacobian elliptic 
fibration tt with a unique reducible fiber F of type III* . Observe that a induces a 
non-trivially action on the basis of tt, since otherwise the general fiber would have 
an order 13 automorphism with a fixed point (the intersection with a section of tt). 
Thus (T preserves exactly two fibers of tt. Since X{X) = 24 and X{F) = 9, then 
TT has also a a-orbit of 13 singular fibers of type Ii and a cr-invariant fiber of type 
//. Working as in the proof of Theorem l6.3l it can be proved that there is only one 
jacobian fibration with this property (see also '23', §4]). Thus X is isomorphic to 
the surface in Example 18.11 

The proofs for p — 17, 19 are similar. In these cases S{a) contains a primitive 
sublattice S = U (B A2 (B Ai and S = U (B Ai respectively such that S*^ contains 
no (— 2)-curves. Thus the surface admits a jacobian fibration with reducible fibers 
of types A2 © Ai and Ai respectively. This implies, together with the fact that a 
acts non-trivially on the basis of the fibration and a computation of X{X), that X 
is isomorphic to either the surface in Example 18.21 or [8731 □ 

9. Moduli spaces 

Let p G 0{Lk3) be an isometry of prime order p with hyperbolic invariant lattice 

S{p) = {x g Lk3 ■ p{x) = x} 

and let [p\ be its conjugacy class in 0{Lk3)- A [p\- polarized Ki surface is a pair 
{X, a) where X is a Ki surface and a a non-symplectic automorphism of X of 
order p such that 

a* [uj x) ~ Cp^ X and a* ~ (f) o p o (f)~^ 

for some isometry (/> : Lk3 — >■ H'^{X,'Z), which is called a marking. Two [p]- 
polarized surfaces {X, a), {X' , a') are isomorphic if there exists an isomorphism 
f :X ^ X' such that f^^oa'of^ a. 

Observe that a [p]- polarized KZ surface is algebraic by 18:, Theorem 3.1]. If h 
is an ample class in Sx, then the average YTi=ii-'^*y{^) is an ample class in S{<7*). 
This implies that any marked [p]-polarized i^3 surface is 5'(/9)-ample polarized (see 
§10]) 

A moduli space for such polarized surfaces can be constructed as follows (see [51 
§11]). Let S{p)^ = T{p) and y = {x e L^a C : pc{x) = Cpx} C T[p) C be 
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an eigenspace of the natural extension of p to Lkj, ® C. Consider the space 

DP = {w(^ V{VP) : {w, w) > 0, {w, w) = 0}. 

This is a type IV Hermitian symmetric space of dimension r{T{p)) — 2 if p = 2 and 
it is isomorphic to a complex ball of dimension r{T(p))/{p — 1) — 1 if p > 2 (note 
that if ^ M then the condition {wjW) = is automatically true). 
Furthermore, consider the divisor 

A" = IJ DPn6^ 
and the discrete group — {j ^ 0{Lk3) '■ 7 o p = p o 7}. 

Theorem 9.1. The orbit space Ad^ := TP\{DP\Ap) parametrizes isomorphism 
classes of [p] -polarized K3 surfaces. 

Proof. Let {X,<t) be a [pj-polarized K3 surface and (f) : L^z — > H'^{X,1^) be an 
isometry such that a* ~ (po po 0^^. Since a*{u)x) — Cp^x, then £ := (l)^^{Cujx) G 
DP. If £ e 5-'- for some S G T{p),5'^ = -2, then either (j){5) or (j){-5) would be an 
effective class x such that cr*{x) + • • • + {a* Y~^{x) — —x. This gives a contradiction 
since the left side is an effective divisor and the right side is not, thus t ^ A''. An 
isometry 4/ also satisfies a* — (f/ o po if and only if (/)~^ o 0' £ F''. It is easy 
to check that two isomorphic [p]-polarized K2> surfaces give the same point I e DP 
modulo F''. 

Conversely, let t £ DP\Ap. By the surjectivity theorem of the period map [5^, §X] 
and [51 Theorem 10.1] there exist a K3 surface and a marking (j> : Lks — >■ H'^{X, Z) 
such that (f)c{£) — Cwx and (t>\s(p) ■ S{p) Sx is an ample polarization (see [H 
§10]). Let ip = (f> o p o <j)^^ ^ then tpci^) — ^ and its invariant lattice S'(V') — 4i{S{p)) 
contains an ample class . Moreover, S{ip)'^ D Cojx contains no elements of self- 
intersection —2 since £ ^ Ap. Thus, by the global Torelli Theorem [S] §IX] there is 
a unique automorphism cr of X such that a* = tp. It is clear that a is non-symplectic 
of order p and that a*{uJx) = Cp^x- D 

Remark 9.2. In Theorem 11.3] it is proved that TP\{Dp\Ap), where Fg = {7 e 
r'' ■ 7\S{p) = "i-d}, parametrizes isomorphism classes of [p] -polarized K3 surfaces with 
the extra data of an ample polarization j : S{p) — > Sx (see also 8, Remark 11.4]). 

The following result says when two K3 surfaces with non-symplectic automor- 
phisms of order p belong to the same moduli space MP. 

Proposition 9.3. Two pairs {Xi,ai), {X2,<y2) of Ki surfaces with non-symplectic 
automorphisms of order p are polarized by the same p G 0{Lk.^) if and only if 
S{ai) = S{(72)- This is also equivalent to say that X'^'^ is homeomorphic to X^^ 
for p > 2. 

Proof. It is clear that two [p]-polarized A'3 surfaces have '5'(cri) ^ S{p) = '5'(cr2). In 
sections § 5,6,7,8 we proved that a K3 surface with a non-symplectic automorphism 
a of order p = 5, 7, 11, 13, 17, 19 and given invariant lattice S{a) = Sx belongs to 
an irreducible family. A similar result holds for p = 2, 3 by [HI §4] and [H §5]. 
This implies that two pairs with S{ai) = S{a2) belong to the same irreducible 
component AiP. The last statement follows from Remark 12.101 □ 

Remark 9.4. In [18] V.V. Nikulin proved that the action of a symplectic automor- 
phism on the K3 lattice (up to conjugacy) only depends on the number of its fixed 
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points. Proposition lQ . 31 gives a similar statement for non-symplectic automorphisms 
of prime order p > 2. 

By Theorem 19.11 the moduh space of [pj-polarized surfaces is an irreducible 
quasi-projective variety. Moreover, as proved in [8, Theorem 11.7], any point £ £ 
is the period point of some [p'] -polarized Ki surface, where p' has order p and [p'] 
is not equal to [p] if £ G A''. Thus, the quotient TP\DP is an irreducible subvariety 
of the moduli space A^^3 of Ki surfaces with a non-symplectic automorphism of 
order p. We are interested in identifying the maximal irreducible subvarieties of 
this type in M^xz^ '^^ equivalently, its irreducible components. 

Theorem 9.5. The following table gives the number^ of irreducible components of 
the moduli space -M^^, their dimensions and the Picard lattice S{a) of the generic 
K3 surface in each component, for any prime p. 



p 


# 


dim 


S{a) 


2 


2 


19,18 


(2), U{2) 


3 


3 


9,9,6 
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13 
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Table 8. Irreducible components of 



Proof. Observe that the moduli space 7W is in the closure of M^^ if and only if 
there is pi e [p] such that Dp^ C DP^ , i.e. Vp^ C Vp^. This is equivalent to say 
that T{pi) C T{p2) and p2 = pi on T{pi). 

lip = 2, then pi = -id on T{pi), hence MP C Mp^ if and only if T(pi) C T{p2), 
or equivalently S{pi) D S{p2)- As a consequence of Theorem 13. 1[ the invariant 
lattice S{a) of a non-symplectic involution contains a primitive sublattice which is 
isometric to either (2) or t/(2). This implies, since (2) clearly is not a sublattice 
of J7(2), that has two irreducible components whose generic elements are K3 

surfaces with Sx isomorphic to (2) and U{2) respectively. 

The case p = 3 is [H Theorem 5.6]. In Theorem 15.31 we proved that a Ki 
surface with an order 5 non-symplectic automorphism either belongs to the family 
in Example 15.11 or to the one in Example 15.21 These two families are irreducible 
and of dimensions 4 and 3 respectively. Thus we only need to prove that the second 
component is not contained in the first one. Assume that the generic pair (X, cti) 
in the first family (we assume al{!jJx) = Cs^x), with Sx = S{ai) = TJs © ^1(5), 
also belongs to the second family. Since the orthogonal complement of in Sx 
contains no (— 2)-curves, then by Theorem 19.11 X carries an automorphism a2 of 
order 5 such that cr|(wx) = C5^x and S{a2) = -ffs. If /i G S'(cri), h'^ — 2 is as in 
§5, then the associated morphism is a double cover of branched along a smooth 
sextic curve C (since ^4(5) contains no (— 2)-curves). Since h is fixed by a* , i — 1, 2, 
then cTj induces a projectivity (fi of which preserves C. The automorphism group 
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of C is finite, thus af o a2 lias finite order and uf o 0-2 is a symplectic automorpliism 
of finite order of X. By [18 this would imply that the Picard lattice of X has rank 
> 8, giving a contradiction. 

If p = 7, then in Theorem 16.31 we proved that a Ki surface with an order 7 
non-symplectic automorphism either belongs to the family in Example 16.11 or to 
the one in Example 16.21 Both are clearly irreducible of dimension 2, thus they are 
the irreducible components of A^^g. 

If p = 11, then in Theorem 17.31 we proved that a Ki surface with an order 11 
non-symplectic automorphism either belongs to the family in Example [7jT] or to the 
one in Example 17.21 Both are clearly irreducible and 1-dimensional, thus they are 
the irreducible components of A^^^g. 

If p = 13, 17 or 19 then by Theorem 18.41 the moduli space AJ^g is irreducible 
and 0-dimensional. □ 

Remark 9.6. The general members of the two irreducible components of A^^g 
are double covers of the plane branched along a smooth sextic curve (if Sx — (2)) 
and double covers of a quadric branched along a smooth curve of bidegree (4, 4) (if 
Sx = U{2)). Projective models for the general members of Al^a described in 
[H and [S]. 
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Appendix: On Naruki's K'd surface 



Shigeyuki Kondc0 



As a moduli space of some K3 surfaces with a non-symplectic automorphism of 
order 5, the quintic del Pezzo surface appears f |K2| . see the following Remark 11.51 
for more details). In this appendix we shall give a similar example in case of K3 
surfaces with a non-symplectic automorphism of order 7. 



1.1. Naruki's surface. Let ^ — ^T^^J~^n , We introduce a hermitian form of 
signature (1,2) with variables z = {zi.z-i.z-^ by setting 



We denote by S'C/(1,2) the group of (3, 3)-matrices of determinant 1 which are 
unitary with respect to iJ. The group SU(\, 2) naturally acts on the complex ball 
of dimension 2 



We denote by F the subgroup of 5^7(1, 2) consisting of elements whose entries are 
integers in Q(C)- It is known that F acts on D properly discontinuously and the 
quotient D jV is compact. We further denote by F' the subgroup of F consisting of 
matrices which are congruent to the identity matrix modulo the principal ideal P 
generated by 1 — C- Naruki [N^ showed that the quotient Z?/F' is isomorphic to a 
Ki surface X. 

1.2. surfaces with a non-symplectic automorphism of order 7. In the 

following we shall show that the Naruki's if 3 surface X is the moduli space of pairs 
of a K'd surface and a non-symplectic automorphism of order 7. 

Let S = U{7) ® Kr and its orthogonal complement T = U ® U{7) ® Es® Ae in 
Lk3 (see Table ig. 

Remark-Definition 1.1. By |RS1 Theorem 2.1] it follows that T is isomorphic to 
T' — U (B U Q) Kj © Aq. An order 7 isometry without non-zero fixed vectors on T 
can be thus explicitely described as follows. 

Let Ui,U2 be two copies of the hyperbolic plane U and let Cj, fi be a basis of Ui, 
{i — 1, 2) satisfying = ff = 0, (e^, fi) = 1. Let x,y he a basis of satisfying 
x'^ = —2, — —4, {x, y) = 1. Let po be the isometry of f/i ® C/2 ® Kj defined by 

Po(ei) = ei + /i + 62 + /2 - J/ /Oo(/i) = 2ei -I- £2 + 2/2 - ?/ 

Po(e2) = -/l + 62 -I- /2 + a; /Oo(/2) = -/l + 62 

po{x) = ei -I- 2/1 - 62 + /2 - a; - y, po(y) = 3ei - /i + 4e2 + 3/2 + x- 2y. 
It is easy to see that po has order 7 and acts trivially on the discriminant group of 

An easy calculation shows that 



v = {-l + e + C'- e)ei + iC' - l)/i + (C - C')e2 + (C' - 0/2 + x + {l + e)y 



^Research of the author is partially supported by Grant-in-Aid for Scientific Research A- 
18204001 and Houga-20654001, Japan 



H{z) = (C + O^i^i - - Z3Z3. 



D^{{zi,Z2,Z3)eF^ ■.H{z)>0}. 




Non-symplcctic automorphisms on K3 surfaces 



27 



On the other hand, let ri, . . . , rg be a basis of Aq such that r? = —2, (r;, ri+i) = 1 
and the other ri 's and rj 's are orthogonal. Consider the isometry of Aq defined by 

Peiri) = T-i+i, (1 < « < 5), Peire) = -(ri + + + r4 + rg + rg). 

It is easy to see that pg a-cts trivially on the discriminant group of Aq and that 

w^n + {C'' + l)r2 + (I + + C')r3 - (C + C + C')r4 - (C + 0^5 - (re 

is an eigenvector of with the eigenvalue C and 

(ui, w) = —7. 

Combining po and pg i we define an isometry p of T of order 7 and without nonzero 
fixed vectors. Moreover the action of p on the discriminant group T* /T is trivial. 

In Definition- Remark 11.11 we explicitely described an order 7 isometry p on T 
without nonzero fixed vectors and acting trivially on the discriminant group. Hence 
p can be extended to an isometry p (we use the same symbol) of Lx3 acting trivially 
on S. 

Now we consider a K3 surface Y with Sy = S. Then the transcendental lattice 
Ty of Y is isomorphic to T. We identify Lks and H'^{Y,X) so that S = Sy and 
T = Ty. If the period coy S T (g) C is an eigenvector of p, then it follows from the 
Torelli type theorem for K3 surfaces that p can be realized as an automorphism g 
of Y of order 7: g* — p. Now consider the eigenspace decomposition of p: 

where is the eigenspace corresponding to the eigenvalue . The period domain 
of the pair (Y, g) is given by 

D' = {uje f{Vc) : {io,io) > 0}. 

Then the above calculations show that the hermitian form on defined by {lo,u}) 
is given by 7H{^). We define an arithmetic subgroup F by 

r = {tp e 0(T) : p o p — po p} 

and a subgroup V by 

f' = f n Ker{0(r) ^ Oiqr)}. 

Let A = U n D' where S moves over aU (-2)-vectors in T. Then {D' \ A)/f' is 
the moduli of the pair {Y,g). Note that p has discriminant —1 and is contained in 
v. Moreover p acts trivially on B. By using the same method as in |K1| . we have 

1.3. Theorem. X = D/V = D'/t'. 

1.4. Remark. Naruki |N] showed that X has an elliptic fibration with three sin- 
gular fibers of type in the sense of Kodaira and with 7 sections. Thus X contains 
28 smooth rational curves. In particular X has the Picard number 20. We can see 
that A/r' consists of 28 curves corresponding to 28 smooth rational curves on X. 
We omit the proof of this fact here. 
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1.5. Remark. Let Z be a K3 surface with Picard lattice 

Sz = (^^ ® ^4 © ^4 

and with a non-symplectic automorphism a of order 5 acting triviaUy on Sz- The 
author [K2j showed that the moduh space of ordered 5-points on is isomorphic 
to the moduh space of the pairs of such {Z, a). Moreover these moduh spaces can 
be written birationahy as an arithmetic quotient of a 2-dimensional complex ball 
which is isomorphic to the quintic del Pczzo surface. 
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